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A REMARK ON THE EXTENSION OF L2 HOLOMORPHIC
FUNCTIONS
QI’AN GUAN
Abstract. In this note, we answer a question on the extension of L2 holo-
morphic functions posed by Ohsawa.
1. an answer to a question posed by Ohsawa
In [7], Ohsawa gave a survey on a recent ”remarkable” progress (c.f. [1, 2, 3, 4,
5, 6]) around the famous Ohsawa-Takegoshi L2 extension theorem [8]. After that,
Ohsawa recalled the following consequence of the main result in [4], and presented
a shorter proof based on a general criterion for the extendibility in [7].
Theorem 1.1. ([4], see also Theorem 0.1 in [7]) Let D ⊂ Cn be a pseudoconvex
domain, and let ϕ be a plurisubharmonic function on D and H = {zn = 0}. Then
for any holomorphic function f on H satisfying∫
H
|f |2e−ϕdVH <∞,
there exists a holomorphic function F on D satisfying F = f on H and∫
D
|F |2e−ϕ−(1+ε) log(1+|zn|
2)dVD ≤
pi
ε
∫
H
|f |2e−ϕdVH .
In [7], considering general plurisubharmonic function ψ(zn) instead of (1 +
ε) log(1 + |zn|
2) in Theorem 1.3, Ohsawa posed the following question on the ex-
tension of L2 holomorphic functions.
Question 1.2. Given a subharmonic function ψ on C such that
∫
C
e−ψ < +∞,
for any subharmonic function ϕ on C, can one find a holomorphic function f on
C satisfying f(0) = 1, and∫
C
|f |2e−ϕ−ψ ≤ e−ϕ(0)
∫
C
e−ψ?
When ψ does not depend on arg z, Sha Yao gave a positive answer to Question
1.2 in her Ph.D thesis by using the main result in [4].
In the present article, we give the following (negative) answer to Question 1.2.
Theorem 1.3. There exist subharmonic functions ψ and ϕ on C satisfying
(1)
∫
C
e−ψ < +∞;
(2) ϕ(0) ∈ (−∞,+∞);
(3) for any holomorphic function f on C satisfying f(0) = 1,
∫
C
|f |2e−ϕ−ψ =
+∞ holds.
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2. Proof of Theorem 1.3
Let ψ = 2max{c1 log |z − 1|, c2 log |z − 1|} and ϕ = (1 − c1) log |z − 1|, where
c1 ∈ (
1
2 , 1) and c2 ∈ (1,
3
2 ).
We prove Theorem 1.3 by contradiction: if not, then there exists holomorphic
function f on C satisfying f(0) = 1, and∫
C
|f |2e−ϕ−ψ < +∞. (2.1)
Note that (ψ+ϕ)|{|z|<1} = 2 log |z−1|, then inequality (2.1) implies that f(1) =
0.
Note that ψ+ϕ− 2(1− c1 + c2) log |z| is bounded near ∞, then inequality (2.1)
implies that f is a polynomial. Furthermore, it follows from 1 − c1 + c2 < 2 and
inequality (2.1) that the degree of f must be 0, which contradicts f(1) = 0. This
proves the present theorem.
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